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x. InTRO1D=CTDN
The preceding paper in this series 3 dealt with a method for

determining size distribution curves in heterodisperse systems of

colloidal spheres by means of the spectra of the scatterina ratio. An
alternate method my be based upon the tse of turbidity spectra. he
theory of this alternate method has been given some time aGo 4 . Te

present paper is concerned with the experimental test of this alternate
method, using again heterodiaperse polystyrene latices as model system.

The distribution curve is again assumed to be of the type

f(r) - (r-xr)e(r-ro)/s)
3

and f(r) - 0 when r <ro (I)

Here, Cf(r) dr is the number of particles per unit volume of a system

contaiirnig pa ticles with radii between r and r + dr; r is the radius

of the sallost particles present in consequential numbers 5 and s is a

parameter proportional to the width of the distribution. For the defini-

tions of the variounother quantities and parameters to be used, reference
should bem de to the preceding publication 3 ' 4.

1. Oh!.s vork was supported by the Office of Naval Research. 7be results
given in the present paper were presented at the 134th meeting of the
American Chemical 3ociety, Chicao, eptember, 1958.

2. Present address: Film Department, S. I. WePont & Co., Wilmington,
Delaware.

3. v. Heller and M. L. Wallach, J. Phys. Chem, ....

4. M. L. Wa.h2ach, W. Heller, and A. F. Stevenson, J. Che. Phys.,
176 (1961).

5. Particles with a radlue smaller than r are quantitatively defined
here as those having a radius smaler &an 99% of al the particles
present in the system.
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II. MOOMMALP1C1Jl
Mm system investiptod were the sae as used previousy 3 .

May represent a positively skewed distributiob (H.D. 1) in line with

eq. (1), a rptively skewed distribution (II.D. 2) and a Gaussian

distribution (H.D. 3). The sarntus used and preparation and treatment
of the latex sa'es were the same as in the proedin investiton3 .

Details of the optical st-uip were the same as for turbidity meauemnts

on m iers sytms6 except for modifications alrea descbed ,

Introlcing, in addition, tho following cebangs: (1) On account of the
need for optimi.ly monobronatic 1iht, the radiation emerging from the

source was pre-monochromatized prior to its entry into the c tor

proper b interposing interference filters combined with colored glass

filtors; (2) he solid angle was decreased to 1.1 x 10 steradians in
order to eliminate, as mob as possiblep the contribution of forward

ocattaringT
Turbidity me mueents were carried out at each wave length at

systemtically varied concentrations, the lovest concentration within a
series being o.24 x 2o' 0, (0: volume fraction of the pol.ywr). The
specific tLrbidlty, 2 r. /0, was then plotted agminst concentration and
extrapolated to infinite dilution. b spectra to be given pertain

therefore to the condition 0 --PO, symbolized by ( r/0)0

Figure 1 sumarizes the spocifie turbidity spectra derived

from xporlmont for the three systems a- he shapes of the curves differ

6. R. 1. abiblan, W. Heller, and J. N. Fpel, J. Coil. Soc., 2, 195
(1956).

7. For a discussion of this effect see R. M. Thbibian and W. Haller,!I. Colid Sae 0_ 1&2 (195T).
8. The width of the rectangles represents the maxima uncertainty .20

their boight is the maxiiiu uncertainty in(C%6,.. Toe data indi-
cated by the black dots arc the mst probable vanflen. In the case
of fl.D. 3, the combined use of an ITS vapor lomp (instead of the
Pointolite IEap used in the other two cases) a monochroltor, and
intorfbrence filters, reduced the fbrmr uncertainty to a p-aphl-
callU negligible value at two of the tbree wav lengths used.



characteristically. Do turbidity maxina is seen to move tovards

sborter wavelengths in the di ection - H.D.2 -'H.D.1 -. D.3. MAs
indicates., as will be ceen, a decrease, In this direction, of the

dal dimeter, Dm. Me direction In the shift is thertore 91altat-

Ively the same as that expected in mnodiperee system.
In order to derive diotri ution curves, the experimental spectra

are cpaxed with a series of theoretical spectra constructed by using

suitable pairs of PR and %-values. Fr this purpose, itis ad t
to normlize both types of spectra with respect to the specific turbidity

observed at a reference wavelength. Mw reference selected here is the

green HS-lire. 7his normalIzation eliminates (a) uncertainties connected

with concentration determinations and (b) corrections in the mnmerical

values associated with the finiteness of the solid annle7 ad (a) it
allovs one to accomodate several spectra in a single graph.

Me normalized experimental A c/-spectra are represented in Pigs. 2
and 3 by the heavily d mw curves. 7he open circles cotrespond to the
most probable experimental values given im Fig. 1. Me black circles
are obtained by interpolation by mmas of the curves in Pig. 1. Normalized

theoretical spectra are derived by first varying the values of

pairs within large Intervals. Having cow reasonably close to the

normalized experimental spectra, the Intervals in the mmerical valus

of n .d PR are reduced to 0.4 or 0.2. (After some experience, the

first stop of wide variations in % and pl can be eliminated). Three

(Fig. 3) or four (Fig. 2) theoretical spectra are reproduced for each of

the three systems. Whey cover' the entire ranwe of acceptable %a-p.
cobinations which fbrm the basis for the subsequent selection of the best

%-"PRPar. This final selection may be mae by simply picking that
theoretical spectrum which coi-ea closest to the experimental one. Instead,
one mxy, for a still better approximstion,, obtain the optimal %.pa.ir
by interpolation between the two or three closest fitting theoreticlI

spectra. The spectra used for such interpolations are identified in



* ,

314p. 2 sad 3 tV the Wicolo Il and I. reotvl9
PI~u'e 41 3, *Ai 6 give the optical distribat~on. wurves and

electron zdcroscople biatograw obtained for HLD. 1j, H.D. 2, and

a.D. , V*epectIveY. (fte pzocedure used for the elcbroan microscopic
aetrnicat~oma of the ,ize distributloms b& s been described pWeviuy 3.)

gb ol' dW t dro cum ig. ft .4(N.D. 1) gesulte tf taze itzoa

qand av&ma WrtdaeblM"n those or the aa4 MA 2 spectra
In Fig.. ft 4adtted curves pcartu&in to the 13 and :' sectra
theives, Me mdal diamter is hardy affeae bg th izepnteeoatim.

On the otber handp the peank hibgt of the curve Is i 'qq v4 bV It.

TPae 5 (N.D. 2) contains =4I~ the cumv obtained tr lutexpoltion
between the i1., i 2, and 1-3 C-S (see Mig. 3 ad Footnote 9).
IU. 6 gives two distribution camvs (i, n) derived for N.D. 3 fron
the L, and i. pairs of qR-wpv*.nbes (see ng. 2). The distribution

cumv wch vwld reW.t from an interpolation betwn the 'M :-

pairs Is cuitted. It v iW be teLwae bet'men th curves I and M.
Me1 mtb app li hedre or the deriation of size distribution

cures frem turbidity po txa in xaaed on the spoctra obtained I
extrpobation, of (2h/ )-rvaluos to .zero conaenti'ation at a1l iaave-

lengths. M31s is time oonsamize. It is therere of interest to note
that it my be sufficient, to operate at a aingle reasoambly sall
conenti tion Lt optinzo accuracy is not zrequired b r the distribution
data. Althougbh the Individal 1 C -valuearM theU difforent ftM

the extrapolat-A (2 c/,O)-vubIuz, the sbape of the nonrnlized -O vs.
4 curve A not materi %a, aiteated. 2his is tested for E. . 1.

fnoralized data of 2C/obtained at the vez' small conconrtiou of
o.S x i0"3 S. o.6l S/Ioo a. late, are identified by aroses In Mg. 2.

9. In oZr onot to croM.ria.2 and3s 1 y3or 4 buwtead of the
larger nmber of notuay onidered theoretical qpectrs am shown.
For the man reason, the i -eu-ive in FIg. 2, Vxtinent to 9 D 3 Is
~mitted .5.8; 6). . . 8iLr~y, an i1..Cumv In ft. 3*2 ( T& .2)
is ouitt;

10 M.troula cotatIonwould, of a ve, cwry cut matmatical the
equivaent of such Interpolations.
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They are throughout larger then those obtained by extrapolation of
the spectnm to zero concentration (circles). The %-%pair satisfy-

ing those alternate data (1.0; 7.0) would give a distribution curve
very similar to that of the pair (1.0; 7.2) except for a slightly lower
modal diameter. On using this approximation mthod, it is reallf not
necessary to know the absolute concenrtration provided that one has
proof that one operates within "saf" range of low concentrations. he
safe range is defined by the fact that T varies, within it, linearly
with concentration at all wavelengths used (negligible multiple
scatterina).

Table I gives a comprehensive survey of the numerical results
obtained for the number average diameter, Dn, modal diamater, D.) dia-
meter of the smallest particle present in consequential numbers, Dox
and the halfwidth, WII  I eadh instance, the per cent deviation with
reapect to the electron microscopic data is given in parenthesis. The
quantities enumerated being those of principal importance, it can be
stated that the method employed he.,re for determining size distribution
curves is moat satisfactory in those cases where the basic tn of uni-
modal distribution cur e doea not differ from that assumed. If the
distribution curve is not of the type assumed, the results for D M
and Do are still very satisft~ctory, but the balfwlidth.W is obviously
very much in error. If better re=ults for the latter are to be ob-
tai d, it is necessary to use the two term equation or equivalent
procedures discussed previousy 3 . It is$ fortunately, easy to ascertain
when this contingency arises. A major departure of the distribution
cur trom that assumed by eq. (1) is indicated byr the fact that no
theoretical spectrum can be found-by means of ay %-p,-cobinations-
which would coincide with the experimental spectrum except for a very
narrow spectral range. In Mig. 2 the experimental spectral curve of

1. The halfdth W go.iderad here is twice the halfwidth, w, de-
fined previousl . The latter would apply if the independent
variable were the particle radius, r, rather than the diameter
used here.
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HD. 1-which satisfies eq. (1) Is nearOy parallel to any of the best

fitting theoretical curves. On the other hand, in FiG. 3, any theoretical
curve which is fitting well in one part of the spectral range considered,

crosses the experimental curve in anorher port. This indicates at once

that the system ifestisated does not possess the distribution assumed.

Jbr the Gaussian distribution in Fig. 2 (H.D. 3) the situation is inter-

mediate. Here, It is seen frm the degree of agreement between experi-

mental and theoretical spectra that the distribut ion curve differs, but

not radically., from that assumed. It depends of course on tho objective

as to whether or not unsatisfactory cot liance of the best theoretical

and the experimntal spectrum warrants use of the more time consuming

two term equation or Of its egaivalents. The "Norst. case" that one may

face with unimodal distributions, is that illustrated by Fig. 5. For

many purposes, such an approximate distribuition curve may be sufficient.
IV. APPZIOX20ION IN1ODS AW M=DB FM ATTAIN= LM4ZM OBMTV .

Approximating proceduAes are indicated if the objective is

* merely the determination of U., %,~ and %. The reason is that % and
D a chang relatively little on varing q and pR within modet limits.
This is clear from the pertinent equations given previously1 . There-
fore the agreement between the electron microscopic modal diameter and
that derived from any of the curves in Figs. 2 and 3 is within 7, 3,
and 2% for LD. 1, H.D. 3, and H.D. 2 respectively. If the objective
is therefore limited to any or all of these three data, it is not

necessary to search for the best fitting theoretical spectrum. An op-

proximate fit is then all that is needed.

If the objective is even more limited, i.e., if one is merely

interested in determining an approximate value of D. or n one m-
dispense with spectra entirely and operate at a single wavelength. The

diameter thus obtained is an apparent qaantity since the system ls

treated as if it were monodiaperse. It is of interest to evaluate

12. A. F. Stevenson, W. Heller, and 11. L. Wallach, J. Chem. Pbysics,
1789 (1961).
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the error cmmitted by using such a very simle tochniqwe on hetoro-

disperse system. Choosing) for this purpose, the data obtained at

the green mercury lne, the theoretical specific turbidities would

yield a particle diameter of 1.196 , 1.214 , and 0.736 ,1A for H.D. 1,
H.D. 2, and H.D. 3p respectively. 7he differences between these dia-

meters and modal diameters an obtained from the optical distribution

curves are 13, 10, and 21% respectively. 7he mmerical, error would be
larger than indicated in system more heterodisperse than those used

here and amler in the reverse case. SlmlIarly, in a given systew, the

error would obviously vary with the wave length. herefor, the ratio

of the awaraent diameters obtained at two wavelegthe-treatin .the

system as if it were monodisperse (q a O)-can provide a roub meamure

of the relative dom of beteroispersion1 3 . Only in strictly mno-
disperse systems can this ratio be equal to 1.0 provided the difference

in the refractive index at the two wave lengths used is talen Into account.

V. PODAH RA=II OF USEKWM(S OF TLURBDITY SPFTR.
The usefulness of turbidity spectra (within the visible spectral

range) for determining size distribution cmrves and the sensitivity of

the spectra to changes in the degree of beterodlspersity have been in-

vestigated in the present work, for size distribut ion curvs extending

from particle diameters of about 0.7 to 1.4 microns. It can be anti-

cipated that a sensitivity of ( c/)o-spectra to eterodispersion,
similar to that found hebr, exists also for particles smnller than 0.7

microns (but larga enough to be outside of the rang of layleoih
scatterin) 1. While ei erlmonts in this lower range are desirable, the

13. It is clear that the apparent diameter should increase with de-
creasing wavelenath if the spectra range considered comiises
wavelengths larger than that at which the spectral maximin occurs.
It should decrease with decreasing wavelength in the inverse case.

14. The method described here like azW other possible llht scattering
method will, of course, be wholly insensitive to pu-ticle size
distributions if all the particles are so sil cocared to the
wavelength that Esyleigh scattering applies.
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situation which one Is bound to find if Do is as am" as 0.26 micron
(p a 2.0) can be derived frota an 4inpection of F. 3 of reference 4.
An increase of from 1.0 to 4.0 leads to about the saw cbman in

the nonr2al'zed (v/0)oftsectrum If Nhas the constant value of 6.0
(Doo-0.8,) In one case and 2.0 in another.

On the other hand, tvrbidity spectra will fail it the particles

are too largo relative to the wave length. Work done by R. Wu in contin-

uation of the present work shOws that the sensitivity of the turbidity

spectra method within the visible range of the spectrum begins to fl.

off serimaly if the distribution extends to dmt eras lag as two

microns.

On b ing faced with systems in Vhich the particles are too awl.

(IFayleigh range) or too large (t~er microscopic range) to apply use~Ufly
turbidity spectra within the visible range, one Wy of coursej in

favorable ismtnces (no or weak true absorption), resolve the probleu by
making use of turbidity spectra in the .farultraviolet or intexdiate

Sinfrared. reapectively .

V. C GCOARI OF TM RIEPM_ M1.0D W3H MAT MM ON TO OF

The results presented hero, on comaring them with those given

prvio±sly3, show that thl mthod of determining size distribution curves

frx= turbidity spectra is, at- least for .the systems investigated,

coarable in perfbrmance to that based upon spectra of the scattering

ratio. A specific exawle in given in Fig. 6. The size distribution
curve obtained fbr H.D. 3 from 4-opectra (Curve I=) is contared to
thosoc obtained by the me od described in this present paper. Mbe

curves are in satisfactory agreement. For a closer check, the results

given in Table I may be coared with the results obtained for the same
systems by the alternate ethod (see Table I,, ref. 3).. An Irmortant
adwxWtnG of the present method is its relative slMslicity inammch as
any properly modified spectrophotometer may be used. In addition, due

to their monotonic charucter, theoretical (Z t/ ) ( ) -curves can be
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derived and constructedl fhstorl5. Also, a high britness of the light
source is not as ierative bore as in the case of scatterina ratio

spectra.
On the other hand, an advantoae of the method based upon spectra of

the scattering ratio is that the curves are more oscillatory and should,

therefore, in principle, be more sensitive to changes In heterodispersity.

They should also be relatively independent of p. (tho smellest particle

size at which the distribution curve effectively begins) except for the

inconvenience of having a large number of maxima and minim within a

limited spectral range if one were to operate within the microscopic

range. This my well be the most imzpormnt advantage over the turbidity

spectra Which should, as stated, become rather insensitive to size

distributions if Do is in the mic oscopic range.

An important farther diffoirnce between the method of --spectra

and turbidity spectra pertains to the ease of finding the % and p.-

values to be used for the analysis. This is of major practical importane

if the fitting of theoretical and experimental spectra is not carried out

by electronic coqutation. 3n order to lose as little time as possible

in picking the right range of %-an' pR-combinations out of an a priori

infinite number of. combinations, orn uses as a guide the genrral aspect

of the eperimental spectra. There axe two arguments in the case of

the , -spectra.. The number of maxAa and minima within a given spectral
raw aives the range. of pl-va3ms to be examined. Their de greeof
shallownass Civeo the range of q'-values to be. oxamdned, (Wee a. -.
figs. 4, , 6 in rof. 12). In the case of the turbidity spectra, on the

other band, the number of possible mxima is reduced to one. A quaick

analss is therefore possible only if the / mamuximm occurs within
the visible range. Me presence of such a maxinzm i=*diately limits the

number of p.-values that may be considered. The degree of shallowness

of the mximn is a reliable indicator of the approximate q-range to be

considered. The two arguments are therefore, under these circumstances,

15. This advantage is, of course, minor if electronic matching is used.



similar to those on, rated 9or the d -spectra. Me absenco of a

maxImum within or vOr close to the oxperimental spectrum of (2 c/)
increases the labor of finding the best 9.-pR-air; it does, howeveri

not interfere with the applIcability of the 2 c4#.method. Q:Uy one of
the three syste=s investigated here, exhibited a ) omaximim.

I h availability of both the d-r( 2 ) anid 2 C/j ( 2) methods provides
a welcom opportity to check the results obtained with one against

those obtained with the other. It salowo one to make a quicker decision
as to the proper %R and PR-cubination than with one spectrum alone,
Ihrthermore, a combination of the two xathods, and, if m cessary, consid-
oration of a third (variation of lateral scattering with the angle of

observation)-may allow one to derive distribution cuMres without having

to mae any assuuption about its basic type. Mis possibility which

appears v:ry promising, provided the doege of beterodispersion is not

so large as to wipe out spectral and anaelar maxima and minim cotVletely,

is being explored at the present time.
In concbision, it may be noted, that with systems in which the

spheres sbow- a strong dispersion (of the. refractive index) dispersion

corrections zay be indicated on applying tha method described here.

With the systems investigated here, these corrections proved to be too

= UI to be taken into account.



lown Of Maidgm a2 ~uts.

All. daft *me In mirnm .zmpt Uvostted daft u2Sth repreau s" u sM
billoms z3Mi~lv to electron alazoemal ftta.

N.D* 1 1.028 (6 i .0% (5.6) 0 .912 (3.3) ojJ3k, (-1.)

N.D. 2 1*102 (3.3) 1*093 (0.6) O..955 (4.5) 0.1%O (2)

H.D. 3 .0.90o (2.5) 0.88 (2.1) 0.T727 (6.) 0.21%. (WT)



1. Actual (C,4 )..gS~etme 2f the beterodisperse syste~zm N.D. 1 §M 3

m rical1 data Identifyi.g the three cbaracterzlstic parimters of

the distribution curves are due to electron microscopy (subscript e).

Dots: most probable vnahus; helght of rectangles: to width

of spectral band entering sppamtus. (In two instmnees, use of

NZ-vapor le., Instead of incandescent source-in cmbination with

monochrbator, interference filters nad color filters-reduced width

of rectangle to pmeticaly zero)

nW~ 2 lormalized exprimental. and theoretical (2 r 4) -upectra of
10

.D. 1 and B.D. 3.

Heavily dr'vn curves: Spectra derived from e)Terrnt.

Other curves: theoretical spectra.

A& 3 Nornalized experimental and theoretical (1rA)-a1goct--a of E.D. 2.

F 4. Size distribution cams derived frcm turbidity s0ectra. and

cowarison with electromi~crosco1)ic histo&rM. I: -Wstem (H.D. 1)

with 2281itvely skewed distribution confog~~nA to eqa. (1).
Falalr drawn curve: using interpolated c%-p.vales.
Dotted curves: using the two Vp-pairs which come closest to

achieving spectral fit on using A% and &, intervals of 0.4.

a _ . Size distribution cu-v_ derived fru turbidity spectra and ceqrison

With electromicrosoic hitjo , .n: %mtm (.D. 2) with

nenatively skewed distribution curve.
Interpolated %-p%-valms used

~~ size distribution curves derived frau tafbiditZ Rectra and
combrison with curves obaned from spectra of scatterknM ratio

and with electronmicroscopic hitM. 8vstem (LD. 3) approX-

I, II: using turbidity spectra and the two R-pR pairs which came

closest to achieving spectral fit on using &%-and bp,-inter-

vals of 0.2. (Interpolation of % and pR-values would yield

curve within area bounded by curves I end 1)

III; using (-spectra and interpolated q%-and p.-values.
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